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Compliance-based morphing structures have the potential to oﬀer large
shape adaptation, high stiﬀness and low weight, while reducing complexity,
friction, and scalability problems of mechanism based systems. A promising
class of structure that enables these characteristics are multi-stable struc-
tures given their ability to exhibit large deﬂections and rotations without the
expensive need for continuous actuation, with the latter only required in-
termittently. Furthermore, multi-stable structures exhibit inherently fast re-
sponse due to the snap-through instability governing changes between stable
states, enabling rapid conﬁguration switching between the discrete number
of programmed shapes of the structure.
In this paper, the design and utilisation of the inherent nonlinear dynamics
of bi-stable twisting I-beam structures for actuation with low strain piezoelec-
tric materials is presented. The I-beam structure consists of three compliant
components assembled into a monolithic single element, free of moving parts,
and showing large deﬂections between two stable states. Finite element anal-
ysis is utilised to uncover the distribution of strain across the width of the
ﬂange, guiding the choice of positioning for piezoelectric actuators. In ad-
dition, the actuation authority is maximised by calculating the generalised
coupling coeﬃcient for diﬀerent positions of the piezoelectric actuators. The
results obtained are employed to tailor and test I-beam designs exhibiting
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desired large deﬂection between stable states, while still enabling the acti-
vation of snap-through with the low strain piezoelectric actuators. To this
end, the dynamic response of the I-beams to piezoelectric excitation is in-
vestigated, revealing that resonant excitations are insuﬃcient to dynamically
trigger snap-through. A novel bang-bang control strategy, which exploits
the nonlinear dynamics of the structure successfully triggers both single and
constant snap-through between the stable states of the bi-stable twisting I-
beam structures. The obtained optimal piezoelectric actuator positioning is
not necessarily intuitive and when used with the proposed dynamic actuation
strategy serve as a blueprint for the actuation of such multi-stable compliant
structures to produce fast and large deﬂections with highly embeddable actu-
ators. This class of structures has potential applications in aerospace systems
and soft/compliant robotics.
1 Introduction
Morphing structures provide the possibility of realising functional shape adaptation
achieving light-weight, load-bearing capabilities with mechanical simplicity in design.
This combination of features results in high structural eﬃciency, little to no moving
parts, reduced friction, the ability to achieve multiple design objectives, and in general,
enhanced overall eﬃciency. These characteristics are attractive for aerospace and robotics
applications, where complexity and versatility of a design oﬀer many advantages.
A particular class of morphing structures concurrently exhibiting high structural eﬃ-
ciency as well as shape adaptation are compliance-based multi-stable structures. These
structures exhibit more than one equilibrium position, enabling the desired morphing
characteristic to be achieved while only expending energy for switching between avail-
able functional conﬁgurations. This eﬀect reduces the parasitic stiﬀness and necessary
actuation authority with respect to conventional compliance-based morphing structures.
Multi-stability can be realised through residual stress [1] or pre-stress [2] in thin-walled
structures. Furthermore, the speciﬁc induced pre-stress programs [35] into the structure
both shape and stiﬀness exhibited by each of the stable states.
Multi-stable structures are potentially useful when actuated between equilibrium posi-
tions, each of which is associated with a functional conﬁguration. The inherent tendency
of multi-stable systems to settle into one of its stable conﬁgurations allows for using
simpliﬁed signals for switching between the available conﬁgurations, reducing the control
eﬀort in comparison to mono-stable morphing system and mechanism based robots [6, 7].
The large displacements involved in changes between stable states require actuators ex-
hibiting long strokes, as demonstrated for square plates [8] and beams [9] using shape
memory alloys. The slow response and diﬃculty of integration within composite lami-
nates has resulted in alternative actuation methods to be pursued. Layers of piezoelectric
materials have been utilised to induce state change in bi-stable laminates with free edge
conditions [1012], with Macro Fiber Composite showing excellent results due to their
high piezoelectric strain capacity. Despite the relative success, two way actuation be-
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tween states has proved diﬃcult for laminates exhibiting restrained edges, such as for
cantilever bi-stable shells. The rich dynamic behaviour arising from bi-stability [13, 14]
has been exploited as a way to realise state control with limited strain actuators, by
utilising resonance to induce snap-through between stable states [1517]. This has also
been demonstrated in the presence of aerodynamic loads [18]. More recently, hybrid
control strategies inducing destabilisation and stabilisation with a positive position feed-
back architecture has been demonstrated to allow for controlled changes between stable
states [1921].
Helical multi-stable structures exhibiting bending-twisting coupling have been intro-
duced by Lachenal et al. [22], showing great potential for realising deployable structures
and light-weight actuation systems [23]. Additionally, a purely compliant bi-stable I-
beam capable of sustaining high bending loads while allowing remarkable torsional com-
pliance has been introduced extending the concepts of Lachenal et al. [22]. Recently,
twisting neutrally stable shells have been introduced as an alternative means for pro-
ducing gearless rotors, further demonstrating the relevance of utilising compliance to
eliminate moving parts and reduce complexity [24]. In regards to shell-like structures,
the actuation of twisting bi-stable systems can maximise their capabilities when utilising
easy to integrate solid-state actuators.
This paper investigates the design and utilisation of the dynamics exhibited by a twist-
ing bi-stable I-beam structure with integrated MFC actuators resulting in control strate-
gies enabling triggering of constant changes between the stable conﬁgurations. Finite
element (FE) models are developed to describe the equilibrium behaviour and dynamics
of the morphing structure. The models are used to investigate the inﬂuence of MFC
placement on the control authority of the I-beam's motion. Two control schemes are
introduced and experimentally tested to verify the potential for utilising the dynamics
of the twisting structure for achieving conﬁguration control.
The paper is organised as follows: Section 2 covers the development of an FE model
of the twisting I-beam and the optimal positioning of the MFC actuators for maximum
control authority. Section 3 presents the manufacturing and testing, characterising the
static and dynamic behaviour of the considered structures. Two control schemes are
proposed and tested to demonstrate the functionality of the test specimens in Section 4,
followed by the conclusions of the work in Section 5.
2 Modeling of Piezoelectric Bi-stable I-Beams
The I-beam structure (Fig. 1) consists of three component regions referred to as ﬂanges,
stiﬀeners, and web. Piezoelectric MFC actuators are placed on the ﬂanges along the
length of the beam. The primary focus of the design is to create bi-stable behaviour
in an I-beam structure that facilitates a torsional stroke upon twisting, and to initiate
and control dynamic motion between these two stable states (snap-through) using MFC
actuators. This is accomplished through variation of the I-beam's parameter space and
MFC actuator positioning. The structure is imparted bi-stability by manufacturing the
ﬂanges on a cylindrical tool, which results stress free curved beams with initial radius,
3
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Figure 1: a) Illustration of the assembly process resulting in the desired pre-stressed
twisting bi-stable structure. The initially curled stress free ﬂange are ﬂat-
tened out and bonded to web and stiﬀeners locking the necessary pre-stress
into the structure. b) Conceptual strain energy plot illustrating the potential
wells that deﬁne the structures equilibrium positions, separated by the unstable
maximum.
Ri. The ﬂanges are bonded to the web and stiﬀeners while being straightened to create
the I-beam structure as schematically shown in Fig. 1.a). The resulting structure has two
stable equilibrium points: twisted at a positive or negative angle along the longitudinal
axis of the beam.
The static structural behaviour of bi-stable I-beams has been investigated in the past
through both analytical and FE models [25]. The study and optimisation of the posi-
tioning of piezoelectric actuators to trigger controlled changes between stable states of
the I-beams requires detailed information of the strain state in the ﬂange, thus requiring
signiﬁcant modiﬁcations of the available analytical models for this type of bi-stable struc-
ture. Therefore, we utilise an FE formulation that captures the converse piezoelectric
eﬀect [26] via a thermal expansion analogy [27].
2.1 Finite Element Model: Piezoelectric Actuation
The FE model for the study of the twisting I-beam is developed using ABAQUS R© Stan-
dard (ABAQUS/CAE, 2008). The complete beam was modelled using S4R four-node
shell elements with an approximate element size of 3 mm×3 mm for analysis of the strain
energy, or 1.76 mm× 1.76 mm for analysis of the MFC placement. The smaller mesh size
allows for ﬁner variation of MFC placement along the ﬂange, as discussed in Section 2.2.
There is no discrepancy between results produced from the models with diﬀering mesh
sizes.
The analysis consists of two stages: a pre-stressing stage for the ﬂanges, and a stage for
the analysis of the complete I-beam structure. The ﬁrst stage takes the originally curved
ﬂanges featuring an initial radius, Ri. They are subsequently ﬂattened by imposing
4
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Figure 2: a) The FE model consisting of the two ﬂanges (green), the web (blue) and the
attached piezoelectric actuators (blue). b) FE model at equilibrium position
φ=0.92.
rotation boundary conditions along the length of the ﬂanges. This creates an induced
stress ﬁeld, providing a major part of the strain energy that results in the I-beam's
bi-stability. In the second stage, the deformed ﬂanges and their corresponding stress
distribution are imported and connected to the web with tie constraints, thus joining
the components of the I-beam at a ﬁxed distance corresponding to their respective shell
thicknesses. The meshes of web and ﬂanges are designed such that the nodes along the
web coincide with the nodes of the ﬂange centreline. One end of the beam is clamped
with zero displacement boundary conditions while the other is free to be twisted by
prescribing rotations about the x-axis.
The MFCs are also modelled with S4R elements and attached to the ﬂanges by merging
colocated nodes, implemented in using the Tie Constraint function. As mentioned above,
the strain imposed by the MFCs is modelled using the thermal expansion analogy [28].
Figure 2 shows the FE model before (a) and after (b) it has been twisted to its stable
equilibrium position..
The FE model is used to study the actuator's eﬀect on the structural behaviour and
the dynamics of the I-beam as a function of the position chosen for the MFC actuators.
To this end, the strain energy of the I-beam is studied for passive and piezoelectrically
induced twisting motions. The passive strain energy is obtained by rotating the free-
end from the unstable state value to a displaced conﬁguration, that is from φ = 0 to
φ = 1.5 rad. This process yields the strain potential and the position of the stable
conﬁgurations of the I-beam. The active displacements caused by the MFC are then
applied to the model, which is then rotated between the same displacement conﬁgurations
as in the passive strain energy simulation. Compared to the passive system, the addition
of the MFCs does not aﬀect the qualitative behaviour of the beam. They only vary its
stable conﬁgurations due to the added stiﬀness on the ﬂanges.
5
Page 5 of 23 AUTHOR SUBMITTED MANUSCRIPT - SMS-105567.R1
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 Ac
ce
pt
d M
an
us
cri
pt
2.2 Optimal Actuation Positioning
The positioning of the MFCs on the ﬂanges signiﬁcantly inﬂuences the resulting control
authority over the I-beam's dynamics. To harness the maximum control over the twisting
motion while using the least electrical energy possible, the positioning resulting in the
highest energy transduction from electrical to strain energy is sought. The electrome-
chanical coupling coeﬃcient, kij , is often used to describe the eﬃciency of this energy
transformation by quantifying the relationship between the strain energy of the open
circuit case, UOC , and of the short circuit case, USC , of a piezoelectric element. The
piezoelectric MFC actuators of the I-beam allow for more energy to be stored when the
system is deformed, as there is not only strain energy but also electrical energy produced.
Alternatively, the electromechanical coupling coeﬃcient of an elastic piezoelectric res-
onator can be computed as follows [28]
k2p =
U2m
UeUd
, (1)
where Ue, Ud, and Um are the strain, dielectric, and mutual electromechanical ener-
gies [26]. The generalised electromechanical coupling coeﬃcient for a piezoelectric struc-
ture is essentially a quantity capturing the linear behaviour of the system. As a result,
direct calculation of the strain and electromechanical energies from the FE model requires
consideration of this fact. The pre-stress in the ﬂanges increases the strain energy of the
structure without directly impacting the eﬀect of the piezoelectric actuators about the
stable conﬁgurations. To account for this fact, we deﬁne the strain and electromechanical
energies in terms of the twisting angle as
Ue(φ) = P1(φ), (2)
Um(φ, v) = 2P2(φ)v, (3)
where v is the voltage on the piezoelectric actuators, and P1(φ) and P2(φ) are polynomial
functions of φ. Linearising the strain and electromechanical energies in Eqns. (2) and (3)
about the equilibrium angles, φeq, and omitting constant and higher order terms, the
energy expressions simplify to
U∗e (φ) =
1
2
k1(φ− φeq)2, (4)
U∗m(φ, v) = k2(φ− φeq)v, (5)
where k1 and k2 are constants. The dielectric energy is simply the energy stored in the
MFC
Vd =
1
2
C
v2
∆h
, (6)
where C =
∫
D
εT
∆h2
dV = Aptpε
T 1
∆h , Ap is the planform area, tp is the thickness of the
MFC, ε is the permittivity of the piezoelectric material, and ∆h is the distance separating
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the interdigitated electrodes. Substituting the linearised expressions into Eqn. (1) we
obtain:
k2p =
k22
k1C
. (7)
The generalised coupling coeﬃcient can thus be used to maximise the control authority
as a function of the position of the MFC on the twisting beam using the established model.
The sensitivity of k2p to the MFC position is studied for eight diﬀerent positions of the
MFCs: four distances from the centreline on top and underneath respectively, as depicted
in Fig. 3 (c).
a)
b)
c)
FlangesWeb
MFC
Figure 3: MFCs a) on top and b) underneath the ﬂanges, c) lateral positions of the MFCs:
centre (left), mid-centre, mid-edges, edges (right).
Each analysis consists of two steps: ﬁrst the beam is twisted to an angle of 1.5 rad,
then the voltage is activated (modelled by thermal expansion) and the beam is twisted
back to 0 rad. This procedure is carried out for voltages of −500 V and 500 V. The
total strain energy of the model is plotted over the twist angle φ for each case with the
MFCs on top and below the ﬂange, as shown in Fig. 4(a) to 4(d) and Fig. 5(a) to 5(d),
respectively.
It can be seen that the eﬃcacy for varying the energy potential topology is larger as
the MFCs are positioned closer to the edges for the top arrangement. For the bottom
conﬁguration, the behaviour is non-monotonic with the position from the centreline. The
authority is largest for the central position (Fig. 5 (a)), minimal for the mid-centre (Fig. 4
(b)), and increases once more towards the edge (Fig. 4 (d)).
Additionally, Figs. 4 and 5 illustrate the eﬀect of positive and negative voltage at each
position of the MFCs. If the MFCs are placed at the centre of the ﬂanges and a positive
voltage is applied, the potential well becomes shallower (Figs. 4(a) and 5(a)). In contrast,
a positive voltage makes the potential well deeper if the MFCs are placed on the edges
of the ﬂanges (Figs. 4(d) and 5(d)). The obtained results can be physically understood
by studying the two principal mechanisms that inﬂuence the strain distribution in the
ﬂanges: bending and twisting (Table 1).
Bending of the ﬂanges results in longitudinal curvature, κx, resulting in positive strain
on top of the ﬂanges and negative strains underneath the ﬂanges as the beam is twisted.
7
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Figure 4: Impact of the MFCs on the depth of the potential well for diﬀerent lateral
positions and voltages: a) centre, b) mid-centre, c) mid-edges, d) edges. Here
the MFCs are placed on top of the ﬂanges.
The twisting of the ﬂanges results in the strain distribution that is positive close to the
edges and negative strain in the middle of the ﬂanges as the angle of twist φ increases. The
maximum authority using a mono-morph (one top or bottom active layer) conﬁguration of
the MFCs is achieved when positioned symmetrically about the x-axis of the ﬂange, which
results in the maximum strain contributions. Furthermore, positioning the actuators in
the top yields higher authority than for any conﬁguration in the bottom of the ﬂange.
In a bi-morph conﬁguration (two active layers on top and bottom), the analysis of the
strain on the ﬂange shows that a top edge and bottom centre conﬁguration result in
the maximum possible actuation authority. This result contrasts with the conﬁguration
obtained with constant strain across the width, which yields a symmetric edge positioning
of the MFCs. The summary of the results for the generalised electromechanical coupling,
capturing the authority of the MFC as a function of their position, is shown in Fig. 6.
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Table 1: Strain caused by twisting of the beam at diﬀerent positions on the ﬂanges
Mechanism Position Strain
On top Positive
Underneath Negative
On the edges Positive
On the middle Negative
Furthermore, it can be seen that the lateral positioning has a signiﬁcant impact on
the authority of the MFCs as the gradient becomes very steep. This means that small
deviations from the nominal position can cause a signiﬁcant loss of control authority
over the beam. Notice that the parametric analysis is conducted for a speciﬁc design
of ﬂange thickness, web geometry and initial radii of curvature, ﬁxing the induced pre-
stress. The parameter space for obtaining bi-stability of this concept is vast; however
presented results are essentially maintained as long as the deformations remain in the
elastic domain.
3 Experimental Results
The conclusions from the FE analysis are used in the design of experimental specimens
of the bi-stable I-beam with piezoelectric actuators.
3.1 Experimental Specimens
The experimental specimens feature ﬂange layups of [0 90 90 0] (where the 0◦ direction
corresponds to the x-axis in Fig. 7) with initial radius of Ri = 75 mm for Specimen A,
and Ri = 88.5 mm for Specimen B. The dimensions are shown in Fig. 7. A numerical
parametric study was conducted exploring the behaviour of the structure for diﬀerent
stacking sequence and radii of curvature essentially revealing similar qualitative behaviour
herein tested. The smaller radius of Specimen A was chosen to produce a potential en-
ergy well that is deeper than Specimen B's. The smaller radius causes this by allowing
for greater strain and thus more strain energy in the ﬂanges when they are ﬂattened
in the pre-stress process. The chosen stacking sequences and radii of curvatures pro-
vide compromise between torsional stiﬀness and compliance enabling the strain-limited
piezoelectric actuators to exhibit a level control authority.
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Figure 5: Impact of the MFCs on the depth of the potential well for diﬀerent lateral
positions and voltages: a) centre, b) mid-centre, c) mid-edges, d) edges. Here
the MFCs are placed underneath the ﬂanges.
The ﬂanges are made up of unidirectional Hexcel R© 8552/IM7 CFRP prepreg and
produced on a cylindrical tool to create the initial curvature for the pre-stress. The web
and stiﬀeners are made of Hexcel R© 913/E-Glass GFRP prepreg with a [90 0 90] layup,
where the 0◦ direction corresponds to the longitudinal x-axis of the beam. The adhesive
Scotch-WeldTM DP 490 is used to secure the ﬂanges to the web because of its relatively
high viscosity, favorable processing time, and most notably because of its operating
temperature range of up to 120 ◦C [29]. The glue is applied per the manufacturer's
guidelines and cured for two hours at 65 ◦C. Fig. 8 shows the manufacturing process.
The mechanical properties of the materials used in the assembly are given in Tab. 2.
In the assembly of the complete I-beam, the ﬂanges were ﬂattened and clamped to
an adjustable frame, then the bonding area was sanded. In a second step, the web
10
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Lateral position of MFCs
central
k
2
on the edge
-0.01
MFCs on top of flanges
MFCs underneath flanges
0
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0.09
Figure 6: Electromechanical coupling coeﬃcient for diﬀerent MFC positions.
350
120
6
0
2
5
ø50
x
x
Figure 7: Dimensions of the twisting I-beam structure in millimetres. The MFCs are
shown on the top view in orange.
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a) b) c) d)
f )
g)
e)
Figure 8: a) Parts and molds for manufacturing webs. b) Rig for ﬁxing together webs
and ﬂanges. c) State 1 and d) State 2 of twisting beam without MFC. e) Beam
with surfaces bond. f,g) Stable states of clamped-free active twisting bi-stable
I-beam mounted on the dynamic tests rig.
Table 2: Material properties of Hexcel R© 8552/IM7 [30] and 913/E-Glass [31]
Material E11 [GPa] E22 [GPa] G12 [GPa] ν12 [−] ν21 [−] t [mm]
8552/IM7 163.7 11.5 5.0 0.3 0.021 0.11
913/E-Glass 43.7 7.5 4.3 0.3 0.052 0.13
was positioned between the two ﬂanges and secured by pushing the ﬂanges together.
Afterwards, the adhesive was applied and the beam was cured. The stiﬀeners were
added either immediately or in a second curing cycle, depending on the processing time
and viscosity of the adhesive.
Following the construction of the beam, the MFCs were bonded to the ﬂanges using
adhesive resin. First, the ﬂanges were sanded at the positions where the MFCs were to
be placed, then adhesive and MFCs were secured to the ﬂanges with a ﬂat iron. The
beam was then clamped to a frame to ensure that the MFCs were ﬁrmly pressed to the
ﬂanges. Finally, the beam (still in the frame) was heated to 135◦ in order to melt the
adhesive ﬁlm and ﬁrmly attach the MFCs to the ﬂanges.
The I-beam is actuated by twelve P1 type (d33 eﬀect actuators) MFC piezoelectric
actuators produced by Smart Material Corporation, with dimensions 85 mm × 7 mm.
After bonding the MFC actuators to the I-beam, its stable conﬁguration changes slightly.
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Figure 9: Test rig for static experiments. The front end of the beam is clamped. The
rear end is free to rotate and is connected to the force transducer of a tensile
testing machine by two levers.
However, its qualitative characteristics remain unchanged as the piezoelectric actuators
add limited stiﬀness to the system.
3.2 Static Test Results: Stable States
The specimens are ﬁrst tested to obtain their static behaviour. In these tests, one end
of the I-beam is clamped to an aluminum frame, while the other is connected to a light
aluminum plate supported by a ball bearing allowing for rotation and translation with
respect to the longitudinal axis to remain free. The aluminum plate is attached to the
force transducer mounted to a Zwick tensile testing machine with a lever so that displace-
ment, d, and force, F , can be measured. The displacement change of the crosshead of the
tensile testing machine was set to 50 mm min−1 for these tests. The schematic geometry
of the setup and the experimental rig are shown in Figs. 9(a) and 9(b), respectively.
Results from the static characterisation of the strain energy in Specimen A are shown
in Fig. 10(a). While the stable equilibria are shown to be at ±47◦ according to FE
results, the obtained experimental results yielded the conﬁgurations to be −26◦ and 36◦.
The depth of the potential wells as determined by the FE analysis is 13 mJ, equal for the
two states due to symmetry, while the measurements indicate 2.5 mJ and 7 mJ.
These quantitative discrepancies are caused by imprecise assembly of the test specimen,
as it is diﬃcult to correctly align the web when joining the two ﬂanges. Additionally,
imperfections in the positioning of the MFCs and the eﬀect of the relatively thick glue
inﬂuence the quantitative comparison of the static behaviour. Given this discrepancy, it
is still important to note that the results match qualitatively; the shape of the exper-
imentally measured strain energy curve in Fig. 10(a) shows the same trend as the FE
results.
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Figure 10: a) Strain energy from measurements and FE simulation, Specimen A. b) Mea-
sured strain energy of beam Specimen A with applied voltage. c) Measured
and simulated strain energy of Specimen B. d) Measured strain energy of the
I-beam with applied voltage of Specimen B.
The response of the I-beam to the actuation is analysed using static analysis while
applying a voltage to the MFCs. In the FE model, a change of voltage of ∆U = 500 V
causes a change of depth of the potential well of approximately ∆V = 3.5 mJ, as shown
in Fig. 10(b). The experimental results, however, show a change of depth of ∆V = 2.4 mJ
at the most and much smaller for low voltages. Therefore, the inﬂuence of the MFCs
is reduced when compared to the FE simulations, however a good qualitative match is
obtained as is the case for the strain energy characterisation.
Additionally, these results illustrate how the MFCs alter the depth of the potential
wells ( Fig. 10(b)). However the distinctions between the diﬀerent voltage levels are not
that clear because they are of the same order of magnitude as the uncertainty of the ex-
periment. Consequently, the authority of the MFCs over the beam can only by assessed
qualitatively. Nevertheless, the obtained FE simulations are validated by the experi-
mental results showing that a positive voltage applied to the MFCs results in a deeper
potential well, while applying a negative voltage is observed to cause the shallowing of
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the potential wells as can be seen when comparing Figs. 5 and 10(b).
For Specimen B, symmetric stable equilibria obtained from the FE analysis are po-
sitioned at ±38◦. The corresponding experimentally obtained values are −31◦ and
11◦ (Fig. 10(c)). The experimental potential energy peak is measured as 5.4 mJ. Dis-
crepancies here are caused by the same reasons as the discrepancy in Specimen A results
(diﬃcult assembly and stiﬀ glue). Despite this, the qualitative structural characteris-
tics of the I-beam expected from the FE modelling are preserved in the manufactured
specimen.
The active response of the structure is obtained following a similar procedure. In
this case, the authority of the MFC is studied by varying the imposed voltage between
−500 V to 1500 V. Results indicate that a positive voltage corresponds to a deeper
potential well, while a negative voltage makes it shallower as shown in Fig. 10(d)). The
maximum change in the depth of the strain energy as a result of the actuation from the
MFCs is approximately ∆V = 0.8 mJ for a change of voltage of ∆U = 1500 V. The
experimental result is below the expected value of ∆V = 2 mJ computed with the FE
model.
As evidenced by the static tests, the authority shown by the MFCs to deﬂect the I-
beam is limited. This results from the combination of relatively high torsional stiﬀness of
the I-beam and very limited strains imposed by the piezoelectric actuators. The latter is
a common problem found when using this type of solid-state actuator to deﬂect compliant
structures, which stems from the fundamental low strain capacity of piezoelectric systems.
Previously, the eﬀective stiﬀness of the compliant structures actuated with piezoelectric
elements has been reduced by pre-loading [32]. This is not a completely satisfactory
solution as it merely reduces the overall stiﬀness of the system, thus reducing its load-
carrying capability. An alternative solution for augmenting the control authority of
piezoelectric actuators is achieved by utilising the resonant response of the system to
trigger changes of state via dynamically induced snap-through [1517]. This requires a
characterisation of the dynamic response of the studied I-beam.
3.3 Dynamic Response Results
The dynamic behaviour of the I-beam specimen is studied experimentally using the MFC
actuators to induce oscillatory inputs. The test rig for dynamic testing is composed of a
vertical rack to which the twisting beam is clamped, hanging vertically to minimise the
inﬂuence of gravity on the twisting motion of the beam, as can be seen in Fig. 11(a). A
nut is glued to the lower end of the beam (with Pattex hot glue) to connect it to the
bearing. In experiments requiring a larger inertia, the nut is removed and an aluminum
plate is clamped to the lower end of the beam in its place. The aluminum plate serves
to add additional inertia as well as to connect the beam to the bearing.
Two MicroEspilon optoNCDT 1700-10 laser triangulation sensors are used to measure
the twisting angle time response of the beam. These are set to measure the distance
to the web at two diﬀerent positions, as shown in Fig. 11(b). The displacement is then
used to compute the twist angle. This is done because the deﬂection at the bottom of
the beam is too great to be measured. The lasers are connected to a computer with a
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Figure 11: Experimental setup for the dynamic tests. Thick (green) rectangles indicate
position of measuring laser spot.
3.3.1 Frequency Response Investigations
Initially, harmonic actuation is employed to study the frequency response of the beam
specimens. A Physical Instruments High Voltage Power Ampliﬁer MFC 1500/500 serves
to actuate the MFCs. As the MFCs only allow a maximum negative voltage of−500 V but
a maximum positive voltage of 1500 V, an oﬀ-set of 500 V is applied in the experiments.
Thus, the maximum harmonic actuation is U(t) = 500 V+1000 V×sin(ωt). The beam is
set in one of the stable equilibrium positions as the full voltage is applied gradually. The
frequency is then increased incrementally allowing for steady state motion to be achieved
before each incrementation. This procedure is repeated for decreasing frequencies. In
another variation of this experiment, the voltage is switched oﬀ before each frequency
change and then increased slowly to the following increment. This procedure is employed
to increase the chances of other bifurcation branches manifesting in the response of the
I-beam.
3.3.2 Dynamic Test Results
The frequency response of the Specimen B is presented in Fig. 12. In this ﬁgure, a
bifurcation can be seen at the corresponding frequencies of 10.75 Hz, and 11.75 Hz. The
branch which contains the cross-well oscillations could not be accessed using harmonic
actuation.
Despite utilising the full range of actuation capacity of the MFCs, the harmonic ex-
citation used to induce snap-through was unsuccessful. The diﬃculties involved with
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Figure 12: Characterisation of Specimen B. The actuation frequency, f , is continuously
increased while the actuation amplitude is held constant.
achieving snap-though of the beam with harmonic actuation results from the structure's
inherent nonlinear nature. The I-beam shows diﬀerent oscillation frequencies, f , for
diﬀerent initial conditions. Consequently, a resonant actuation strategy targeting the
natural frequency is not very eﬀective as this is strongly aﬀected by the amplitude of
actuation as well as the initial conditions. The modeling approach used in this study
is not amenable to investigate the nonlinear dynamics involved [33] and is beyond the
scope of this investigation. However, this is the subject of future work.
4 Dynamic Conﬁguration Control: Switching Between
States
Considering the challenges presented by the resonant actuation strategy based on har-
monic inputs, an alternative actuation strategy is proposed which uses a closed loop
instead of a feed forward controller. This alternative method is referred to as a bang-
bang controller, which applies either the full positive voltage or the full negative voltage
depending on the angle of twist (φ) and the angular velocity (φ˙). Following from the
results in Section 2.2 and Figs. 4 and 5, a positive voltage applied to the MFCs results
in the potential energy well becoming deeper, and conversely, a negative voltage causes
the well to become more shallow.
These ﬁndings are applied to the controller design in the following manner: If φ is
positive and increasing, or negative and decreasing, the maximum positive voltage is
applied, otherwise the maximum negative voltage is applied. This relationship is repre-
sented schematically in the phase diagram in Fig. 13. The controller is implemented in
Simulink, which is also used for data acquisition and signal generation. The input signal
(i.e. the angle φ(t)) is ﬁltered with a moving average ﬁlter, which is set to a frequency
of 100 Hz. This is a good trade-oﬀ between smoothing and delay.
When applied to Specimen A, the bang-bang controller initiates snap-through in one
direction if extra inertia is added to the beam, thus lowering its natural frequency. The
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Figure 13: Applied voltage with respect to φ and φ˙.
phase diagram of the orbit from stable state at +φ to −φ describing the snap-through
event is shown in Fig. 14. A video showing the actual beam deﬂection for this trajectory
is provided as video 1 in the supplementary material. Snapping back in the reversed
direction is not achieved in this case due to the deeper potential well resulting from
inconsistency in the manufacturing process (Fig. 10(a)). Consequently, the beam remains
on intra-well oscillation after the snap-through.
This result indicates the capability for controlled snap-through to be induced from one
equilibrium position to another, avoiding the initiation of continuous cross-well oscilla-
tions. Furthermore, this behaviour could be replicated by producing I-beam specimens
with relatively deep energy wells facilitating the controlled snap-through actuation, such
as that seen here in Specimen A. The settling time after snap-through can be greatly
reduced applying closed-loop control techniques developed for generic bi-stable systems
further demonstrating the applicability of the concept to generate fast and large de-
ﬂections with stroke-constraint actuation systems [19, 20, 33, 34], such as piezoelectric
actuators.
The new control strategy is successful in inducing snap-through on Specimen B as
shown by the twist angle, φ, trajectory in phase-space presented in Fig. 15(a). The time
response for φ and the applied voltage signal V are given in Fig. 15(b). It can be seen that
the beam starts in the positive well (φ > 0) and establishes constant snap-through after
three single well oscillations (see Fig. 15(b)). Note how the controller adapts the voltage
at snap-through (t = 3.2 s); the frequency of alternating between maximum actuation
positions is adapted at this point in time, where a high frequency is required for small
oscillations close to the equilibrium position, and low frequencies are required for large
oscillations about the equilibrium point. This is done in order to sustain continuous snap-
through motion of the beam. The maximum oscillation amplitude is ∆φ = 54◦. In this
case, cross-well oscillations are triggered indicating the possibility to rapidly actuate the
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Figure 14: Snap-through in one direction of Specimen A with added inertia. The beam
starts in the negative well (φ < 0) and snaps to the positive well (φ > 0),
where it falls back to a single well oscillation.
I-beam between stable conﬁgurations. These results demonstrate the feasibility to utilise
the intrinsic nonlinear dynamics of twisting multi-stable structures to desired controlled
changes between the available conﬁguration under appropriate actuation signals. In the
supplementary material, videos 2 and 3 show the constant snapping response for the
tested I-beam.
5 Conclusions
The inherent nonlinear dynamics of bi-stable twisting I-beams are utilised to successfully
implement an actuation strategy for controlling the conﬁguration using limited-stroke
piezoelectric actuators. Finite element analysis is conducted to study the equilibrium
characteristics of the I-beams when adding piezoelectric MFC actuators to the ﬂanges.
The strain imposed by the MFC is studied revealing the most advantageous conﬁguration
for inducing twisting deﬂections on the beam. Furthermore, the obtained strain energy
from FE analysis of the I-beam is used to further improve the positioning of the MFC
based on the calculation of the generalised electromechanical coupling coeﬃcient for
the active structure. Experimental specimens are manufactured and tested using the
obtained optimised MFC positions to actuate the system with diﬀerent dynamical signals.
First, a previously proposed resonant actuation strategy is used revealing that the low
stroke and relatively large stiﬀness of the I-beams impede the triggering changes in the
stable conﬁgurations via dynamically induced snap-through. To address the deﬁciency in
the actuation authority inherent to piezoelectric systems, a new actuation strategy based
on the eﬀect of the MFC on the strain potential is proposed. The introduced bang-
bang strategy imposes maximum positive or negative voltage according to the phase-
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Figure 15: Cross-well oscillation of Specimen B. The beam starts in the positive well (φ >
0). Constant snap-through is established after three single well oscillations.
space quadrant occupied by the state of the I-beam. In eﬀect, the current state of the
trajectory is used to adapt the expansion or contraction of the MFC selecting instants
in time to transform the introduced strain energy into kinetic energy, thereby increasing
the resulting deﬂections.
The results of this paper demonstrate the ability to exploit solid state actuators to
dynamically control compliance-based multi-stable twisting structures, such as the I-
beams studied herein. The utilisation of the inherent nonlinear dynamics of multi-stable
structures allows the limited stroke of piezoelectric systems to be augmented as to exploit
their superior actuation bandwidth to generate fast and energy eﬃcient actuators. This
fast actuation capability cannot be matched by conventional or phase transformation
based actuators due to the high frequencies involved. The generation of fast twisting
motion without moving parts obtained with the piezoelectrically actuated I-beams allows
simple, robust compliant structures to be achieved with applications in actively twisting
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rotary wings and robotic applications.
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